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The Lagrangian mechanical consideration of the dynamics of ideal incompressible hydrodynamic, magneto-
hydrodynamic, and Hall magnetohydrodynamic media, which are formulated as dynamical systems in appro-
priate Lie groups equipped with Riemannian metrics, leads to the notion of generalized vorticities, as well as
generalized coordinates, velocities, and momenta. The action of each system is conserved against the integral
path variation in the direction of the generalized vorticity, and this invariance is associated with the particle
relabeling symmetry. The generalized vorticities are formulated by the operation of integro-differential oper-
ators on the generalized velocities. The eigenfunctions of the operators provide sets of orthogonal functions,
and we obtain common mathematical expressions concerning these dynamical systems using the orthogonoal
functions. In particular, we find that the product of the Riemannian metric, gim, and the structure constants
of the Lie group, Cmjk, is given by the product of the eigenvalue of the operator, Λ(i), and a certain to-
tally antisymmetric tensor, Tijk: giαC
α
jk = Λ(i)Tijk. Its physical implications, including the weak interaction
conjecture of MHD turbulence, are also discussed.
PACS numbers: 52.30.-q,45.20.-d,52.35.Mw,47.10.-g
I. INTRODUCTION
Even though the operation of particle relabeling does
not alter the fluid motions visible to us, the associated
“symmetry”1 is known to play a crucial role in consider-
ations of the helicity conservation laws of hydrodynamic
(HD)2 and magnetohydrodynamic (MHD)3 systems.
The degrees of freedom for the symmetry enter the
description of the fluid mechanics when the Lagrangian
specification is adopted. The Lagrangian specification
assigns a “label” to each fluid parcel to trace its motion
and to distinguish it from other parcels. The “labeling”,
therefore, enables the parcels to be distinguished. How-
ever, the method of “numbering” the fluid parcels is ar-
bitrary. Despite this redundancy, the description of the
fluid mechanics has a Lagrangian mechanical foundation.
The Lagrangian mechanical formulation is based on
the introduction of a triplet (more generally an n-tuple
on n-dimensional space) of functions ( ~X) that denotes
the position of the fluid parcels.4 As we will discuss in
Section 2, because the composite of triplets ~X(~Y ) is also
an element of the same function space, the space for-
mally defines a continuous group. This was recognized
by Arnold when he reviewed his studies on dynamical
systems in Lie groups equipped with a Riemannian met-
ric and discussed the related hydrodynamic topics in a
unified form.5
a)Electronic mail: araki@are.ous.ac.jp.Tel: +81862569509. Fax: +81862553611.
As for plasma physics, extensions of the group theoret-
ical formulation to ideal MHD systems were performed
by Zeitlin and Kambe6 for the two-dimensional case and
by Hattori7 for the three-dimensional case. The key con-
cept that enables us to extend Arnold’s formulation to
multivariate variable systems is the semidirect product
group.8 The semidirect product of G and H , G ⋉ H , is
defined by the operation
(g1, h1) ◦ (g2, h2) = (g1 ◦ g2, h1 ◦ ρ(g1)h2), (1)
where ρ is a homomorphism of G onto H .9 Many dynam-
ical systems have been recognized as being in appropriate
Lie groups.10,11
For many cases of physical interest, the subsidiary
group H is often set to be a vector space, whose group
operation is given by the addition of two elements. How-
ever, this is a somewhat more limited situation than the
definition given by Eq. (1). A general formulation, other
than vector spaces, is found in Vizman’s work.12 This
extension provides a way to formulate ideal incompress-
ible Hall magnetohydrodynamics (HMHD) as a dynam-
ical system in a semidirect product group of two diffeo-
morphism groups.13 (Another interesting finding is that
the HMHD system is also formulated in a direct product
group of two diffeomorphism groups.14)
This approach has been applied to stability analyses
of (possibly non-stationary) solutions of HD, MHD, and
HMHD systems. Group theoretic stability anlyses of ho-
mogeneous, isotropic MHD and HMHD turbulence con-
jecture that unstable interactions are limited to “local”
interactions in wavenumber space, while non-local inter-
actions are stable and have a “wavy” nature.15
Investigations related to the helicity conservation laws
2have a very long history and contain a wide variety of
topics,16 for example, their relationship to the topologi-
cal nature of flow fields17 and their influence on the dy-
namics of the plasma equilibrium state18 or turbulent
phenomena.19
Of the numerous studies that have been conducted, he-
licity conservation, in particular, has been discussed from
the viewpoint of relabeling symmetry by Salmon.2 In this
context, helicity is recognized to be one of the Casimir
invariants. This viewpoint was applied to an ideal MHD
system by Padhye and Morrison.20 They discussed its re-
lationship with Noether’s theorem, which provides clear
insights into the symmetry. As a consequence of the ap-
plication of the relabeling operation to the magnetic field,
the magnetic helicity was derived, as well as the cross he-
licity.
As for the cases treated in the present study, particle-
relabeling symmetry is simply formulated in terms of the
Lin constraints.21 These constraints describe the rela-
tionship between the reference and perturbed fields in
terms of their relationship in an Eulerian specification.
The Lin constraints require two types of perturbation
fields. One is the label displacement field (ξ), which
expresses the perturbed position of each fluid parcel as
~X → ~X+ǫξ( ~X), where ǫ is a small parameter. The other
is the velocity perturbation field (v), where the pertur-
bation of the velocity field is given by V → V + ǫv. As
will be derived in Section 2, these two fields obey the
equation
v = ∂tξ + [ξ,V ],
where [∗, ∗] is the Lie bracket. The second term on the
right-hand-side is specific to dynamical systems in Lie
groups and yields the quadratic terms of the evolution
equation. When v = 0, or ξ satisfies the PDE
∂tξ + [ξ,V ] = 0 (2)
during a time interval (say I = [0, 1]), the reference and
perturbed paths give the same velocity history {V (t); t ∈
I}. Therefore, Eq. (2) physically implies particle rela-
beling. If the Lagrangian is solely defined by V , the
value of the Lagrangian and the action are invariant
against the relabeling generated by the displacement his-
tory {ξ(t); t ∈ I}. Noether’s theorem tells us that a
corresponding conservation law exists. Even though the
choice of the initial condition ξ(0) is arbitrary, i.e., the
degrees of freedom for this symmetry are very large, only
the helicity conservation laws have been found for incom-
pressible fluids and plasmas.
In the present study, the particle-relabeling symmetry
is recognized by Eq. (2) and we examine the HD, MHD,
and HMHD systems. As is presented in Section 2, the
concrete formulas of the Lie brackets differ for these three
systems. The physical implication of Eq. (2) departs
from simple “particle relabeling” because the auxiliary
variables (the current field for MHD) do not indicate the
mere “position of some material”. However, this exten-
sive viewpoint allows us to treat the dynamics of ideal
incompressible fluids and plasmas in a unified manner.
This paper is organized as follows. Section 2 is de-
voted to the reviews of the mathematical basis and the
variational calculations. Then, in Section 3, derivations
of the generalized vorticities are presented in a some-
what heuristic way for the HD, MHD, and HMHD sys-
tems. In the course of these calculations, we derive
the integro-differential operators that generate action-
preserving perturbations from the generalized velocities.
We call these the helicity-based particle-relabeling op-
erators (or simply the “relabeling operators” hereafter).
Section 4 contains the core of this study: the eigenvalues
and corresponding eigenfunctions of the relabeling oper-
ators are obtained as normal-modes; then, normal-mode
expansions of the basic quantities, formulas, and evolu-
tion equations are presented. In Section 5, the effects of
a uniform magnetic field and the Coriolis force on the
MHD and HMHD systems are discussed with respect to
the associated linear waves. The normal-mode expan-
sion of the evolution equation is also presented. Physical
implications of our findings are discussed in Section 6.
II. LAGRANGIAN MECHANICAL FORMALISM IN LIE
GROUPS
In this section, we review the Lagrangian mechanics in
Lie groups, which are equipped with an appropriate inner
product, and its application to HD, MHD, and HMHD
systems.
A. Lagrangian specification of fluid motions and its
extension to plasmas
The Lagrangian specification of a flow field introduces
a triplet of functions to indicate the positions of fluid
particles at an assigned time:
~X = ~X(~a, t)
= (X1(a1, a2, a3, t), X2(a1, a2, a3, t), X3(a1, a2, a3, t)),
which indicates the position of a fluid particle at a
time t initially located at (a1, a2, a3) ∈ M , where M
is a fluid container (mathematically a smooth manifold).
These triplets function as the generalized coordinates of
the Lagrangian mechanics of a continuum in a three-
dimensional space. Mathematically, the function space
of these triplets, G, is equivalent to bijective maps from
M onto itself. Because their composition
~X1 ◦ ~X2 = ~X1( ~X2)
is also the elements of G, the function space formally
constitutes a continuous group with respect to the func-
tion composition operation, which is called a volume-
preserving diffeomorphism group, SDiff(M). This is the
3key to understanding the basis of the mathematical de-
scription.
For the MHD system, the configuration space is given
by the semidirect product of SDiff(M) and the function
space of the vector fields X(M), which is an Abelian
group with respect to the addition operation. The re-
sulting group operation is given by(
~X1,−ατ1J1
) ◦ ( ~X2,−ατ2J2)
=
(
~X1( ~X2),−α(τ1J1 + τ2Ad ~X1J2)
)
, (3)
where τs and Js are time parameters and vector fields,
respectively, Ad denotes the adjoint representation of
SDiff(M) on X(M), and α is a constant. Note that
the Ad ~X operation physically implies the advection of
a flozen-in line-element by the flow induced by ~X .
For the HMHD system, the group operation on the
semidirect product of two volume-preserving diffeomor-
phisms is defined by(
~X1, ~Y1
) ◦ ( ~X2, ~Y2) = ( ~X1( ~X2), ~Y1( ~X1(~Y2( ~X−11 )))), (4)
where ~X and ~Y are such maps that induce V and −αJ
which appear in the next subsection, respectively.
Note that, even though the generalized velocities are
derived from the time derivatives of the generalized coor-
dinates, the derivatives are mathematically improper as
a vector field because the arguments of the coefficients
and bases are different from each other. Therefore, we
introduce a corresponding vector field with an Eulerian
specification, V = V i ∂∂xi , which is defined as follows:(
V i(t)
∂
∂xi
)
~x= ~X(~a,t)
:=
∂X i
∂t
(~a, t)
∂
∂xi
∣∣∣∣
~x= ~X(~a,t)
.
Hereafter, all the variables are described using the Eule-
rian specification.
B. Generalized velocity, inner product, and generalized
momentum
In the present study, the velocity field V for the
HD system, and the velocity and current fields ~V :=
t(V ,−αJ) for the MHD and HMHD systems, are cho-
sen as the generalized velocities, where the parameter α
is an arbitrary constant for the MHD system and the
Hall-term strength parameter for the HMHD system.
The inner products of the generalized velocities, which
are called the Riemannian metrics in differential topo-
logical terminology, are given by〈
V 1
∣∣V 2〉 := ∫ V 1 · V 2 d3~x, (5)
for the HD system, and〈
~V 1
∣∣~V 2〉 := ∫ (V 1 · V 2 +B1 ·B2)d3~x, (6)
for the MHD and HMHD systems, where B is the mag-
netic field induced by the current field J (J = ∇ ×B,
∇·B = 0). Each inner product is chosen to give its total
energy.
The Lagrangian is defined using the inner products
such that L = 12
〈
γ˙(t)
∣∣γ˙(t)〉
γ(t)
= 12
〈
V (t)
∣∣V (t)〉, where
γ(t) is an integral path. The generalized momenta are
defined by the functional derivatives of the Lagrangian:22
~M := (∂L/∂ ~V ), and therefore the generalized momenta
are given by ~M =MV , where
MV :=
∂L
∂V
= V (7)
for the HD system, and ~M = (MV ,MJ ), where
MV :=
∂L
∂V
= V , MJ :=
∂L
∂(−αJ) = −α
−1A (8)
for the MHD and HMHD systems, respectively. Here-
after, A is the vector potential of B (B = ∇ × A,
∇ ·A = 0).
The relationships between the generalized momenta
and the generalized velocities are expressed as ~M =
M̂ ~V , where M̂ is the inertia operator given by
M̂ = I (9)
for the HD system, where I is the identity operator, and
M̂ =
(
I O
0 (α∇×)−2
)
(10)
for the MHD and HMHD systems.
C. The Lie bracket
The Lie brackets are a fundamental mathematical
structure that describe serial “advections” by the gen-
eralized velocities. That is, a sufficiently short segment
of a path (for example, A→B in Fig. 1) is approxi-
mated by the exponential map of the tangent vector, V :
γ(t + τ) ≈ eτV (t) ◦ γ(t), and its product, i.e., the se-
rial advection is given by the Baker-Campbell-Hausdorff
formula:
eτ1V 1 ◦ eτ2V 2
≈ exp(τ1V 1 + τ2V 2 + 1
2
τ1τ2[V 1,V 2] + o(τ)).
Therefore, the Lie brackets reflect the characteristics of
the advection of each system. As for the incompressible
media treated in the present study, they are given by[
V 1,V 2
]
:= ∇× (V 1 × V 2) (11)
for the HD system,5[
~V 1, ~V 2
]
:=
(
∇× (V 1 × V 2),
−α∇× (V 1 × J2 + J1 × V 2)), (12)
4FIG. 1. Derivation of the Lin constraints, i.e., the relationship
between the velocity, the displacement, and the perturbation
component of the velocity associated with the variation of a
path.
for the MHD system,7 and[
~V 1, ~V 2
]
:=
(
∇× (V 1 × V 2),−α∇× (V 1 × J2
+J1 × V 2 − αJ1 × J2
))
, (13)
for the HMHD system.13 Note that, in this study, we use
the relation ∇× (a× b) = (bα∂αaβ − aα∂αbβ)∂β , which
holds when a and b are divergence-free.
D. The Lin constraints
Next, let γ(t; ǫ) be a perturbed path, where ǫ is a small
perturbation parameter and ǫ = 0 corresponds to the
reference path: γ(t; 0) = γ(t). The path γ(t; ǫ) induces
a label displacement field, ξ(t): γ(t; ǫ) ≈ eǫξ(t) ◦ γ(t; 0).
The variation of the path, γ(t; ǫ), induces a perturbation
in the velocity, v: i.e., approximating the small segment
C→D in Fig. 1 via an exponential map, the point D is
evaluated as
γ(t+ τ ; ǫ) ≈ exp[τ(V (t) + ǫv(t))] ◦ γ(t; ǫ). (14)
Conversely, bypassing the reference path via
C→A→B→D in Fig. 1, the point D is also evalu-
ated as
γ(t+ τ ; ǫ) ≈ eǫξ(t+τ) ◦ eτV (t) ◦ e−ǫξ(t) ◦ γ(t; ǫ). (15)
Applying the Baker-Campbell-Hausdorff formula to Eq.
(15) and comparing the O(ǫτ) terms of Eqs. (14) and
(15), we obtain the following relationship between V , ξ,
and v:
v = ∂tξ +
[
ξ,V
]
, (16)
which are known as the Lin constraints.21 Corresponding
to the Lie brackets, the Lin constraints are given by
v = ∂tξ +∇× (ξ × V ) (17)
for the HD system,
v = ∂tξ +∇× (ξ × V ), (18)
j = ∂tη +∇×
(
ξ × J + η × V ) (19)
for the MHD system, and
v = ∂tξ +∇× (ξ × V ), (20)
j = ∂tη +∇×
(
ξ × J + η × V − αη × J) (21)
for the HMHD system.
E. The Euler-Lagrange equation
Therefore, the first variation of the action along a per-
turbed path, Sǫ =
∫ 1
0 L(γ(t; ǫ), γ˙(t; ǫ)) dt, becomes
∂Sǫ
∂ǫ
∣∣∣∣
ǫ=0
=
∫ 1
0
dt
〈
~V
∣∣~v〉 = ∫ 1
0
dt
〈
~V
∣∣∂t~ξ + [~ξ, ~V ]〉
=
〈
~V
∣∣~ξ〉∣∣∣t=1
t=0
−
∫ 1
0
dt
〈
∂t ~V − ad†~V ~V
∣∣~ξ〉, (22)
where ad† is the dual operator of the Lie bracket with
respect to the inner product:23〈
ad†~c~a
∣∣~b〉 := 〈~a∣∣[~b,~c]〉. (23)
Applying Hamilton’s principle to Eq. (22), more ex-
actly, the reduced variational principle (Ref. 21, Sect.
13), (∂Sǫ/∂ǫ)ǫ=0 = 0, and ~ξ = 0 at t = 0, 1, we obtain
the Euler-Poincare equation,
∂t ~V − ad†~V ~V = 0, (24)
as the Euler-Lagrange equation.
Corresponding to the Lin constraints, Eqs. (17)-(21),
the Euler-Lagrange equations become
∂tV +Ω× V = −∇P (25)
for the HD system,
∂tV +Ω× V +B × J = −∇P, (26)
∂tA+B × V = −∇φ (27)
for the MHD system, and
∂tV +Ω× V +B × J = −∇P, (28)
∂tA+B × V − αB × J = −∇φ (29)
for the HMHD system, where Ω, P , and φ are the vor-
ticity (Ω = ∇ × V ), the generalized pressure, and the
scalar potential, respectively.
5III. GENERALIZATION OF THE VORTICITY
EQUATION
Equation (22) tells us that, once we find such a variable
~ξ that satisfies
∂t~ξ +
[
~ξ, ~V
]
= ~0 (30)
along the solution path to the Euler-Lagrange equation,
Eq. (24), we obtain the conservation law〈
~V
∣∣~ξ〉
t=0
=
〈
~V
∣∣~ξ〉
t=1
(31)
as Noether’s first theorem (because the values of the La-
grangian, and therefore the action, are invariant against
the variation of the integral path).
In the context of fluid and plasma physics, this in-
variance is called particle-relabeling symmetry because
it changes the assigned value of each fluid particle in the
Lagrangian specification without changing the velocity in
the Eulerian specification.
In this section, we will see that Eq. (30) can be derived
from the Euler-Lagrange equations for the HD, MHD,
and HMHD systems. The calculation processes them-
selves are a reconfirmation of the derivation of the helic-
ity invariants. However, the derivation procedures natu-
rally define certain differential operators (denoted by D̂),
which will be shown to provide clues to simplifying the
normal-mode-expansion analysis of the dynamics.
A. HD
Taking the curl of Eq. (25), we obtain the vorticity
equation:
∂tΩ+∇× (Ω× V ) = 0. (32)
In terms of the Lie bracket, this equation is rewritten as
∂tΩ+
[
Ω,V
]
= 0. (33)
This equation obviously satisfies the particle-relabeling
condition (v = 0 for Eq. (17)). The associated constant
of motion, Eq. (31) is the helicity:17
HHD =
∫
V ·Ω d3~x. (34)
To discuss the general theory, we define
D̂ := ∇× (35)
for the HD system.
B. MHD
Taking the curl of Eqs. (27) and (26):
∂tB +∇× (B × V ) = 0, (36)
∂tΩ+∇× (Ω× V +B × J) = 0, (37)
rewriting Eq. (36) as the following pair of equations:
∂t0+∇× (0× V ) = 0,
∂tB +∇× (0× J +B × V ) = 0, (38)
and comparing Eqs. (36), (37), and (38) to Eqs. (18)
and (19), we find that the variable,
~Ω =
(
ξΩ
−αηΩ
)
= CC
(
B
−αΩ
)
− CM
(
0
B
)
, (39)
(where CC , and CM are arbitrary constants) satisfies the
equation
∂t~Ω+
[
~Ω, ~V
]
= ~0, (40)
i.e., the particle-relabeling condition (v = j = 0 for Eqs.
(18) and (19)). Because Eq. (40) formally satisfies the
same equation as Eq. (33), we call the variable ~Ω the gen-
eralized vorticity. The derivation process is summarized
as the operation of the differential operator D̂ defined as
D̂ :=
(
O −CCα∇×
−CCα∇× CMα∇×
)
, (41)
on the equation for the generalized momenta: ~Ω = D̂ ~M .
The associated constants of motion, Eq. (31),
are the linear combination of the cross and magnetic
helicities:17,24
HMHD = 2CC
∫
V ·B d3~x+ CM
α
∫
A ·B d3~x. (42)
C. HMHD
The curls of Eqs. (28) and (29) are
∂tΩ+∇× (Ω× V +B × J) = 0, (43)
∂tB +∇× (B × V − αB × J) = 0. (44)
Calculating the combination α×Eq. (43) + Eq. (44) and
Eq. (43),
∂t(αΩ+B) +∇× [(αΩ +B)× V ] = 0,
∂tΩ+∇× ((αΩ +B)× J +Ω× V − αΩ× J) = 0,
(45)
rewriting Eq. (44) as the following pair of equations:
∂t0+∇× (0× V ) = 0,
∂tB +∇× (0× J +B × V − αB × J) = 0, (46)
and comparing Eqs. (45) and (46) to Eqs. (20) and (21),
we find that the variable,
~Ω =
(
ξΩ
−αηΩ
)
= CC
(
αΩ+B
−αΩ
)
− CM
(
0
B
)
,(47)
satisfies the particle-relabeling condition (v = j = 0 for
Eqs. (20) and (21)), where CC , and CM are arbitrary
constants. This implies that, analogous to the MHD
6FIG. 2. Relationship between the generalized velocities, vor-
ticities, and the reference and perturbed paths.
system, the generalized vorticity ~Ω formally satisfies the
same equation as Eq. (40) and the associated differential
operator D̂ can be defined as follows:
D̂ :=
(
CCα∇× −CCα∇×
−CCα∇× CMα∇×
)
. (48)
Therefore, we call D̂ the generalized curl operator.
The associated constant of motion is given by
HHMHD = CC
∫ [
αV ·Ω+ 2V ·B]d3~x
+
CM
α
∫
A ·B d3~x. (49)
The constant H becomes the magnetic helicity when
(CC , CM ) = (0, α), while the parameter value
(CC , CM ) = (α, α) yields the hybrid helicity.
25
D. Section summary
Therfore, the variation of the integral path due to the
generalized vorticity preserves the value of the action
Sǫ = S0. Noticing that the generalized velocity, momen-
tum, vorticity, and the operators M̂ and D̂ are related
as
~V
M̂−→ ~M D̂−→ ~Ω,
it is useful to define the integro-differential operator given
by the product Ŵ := D̂M̂ , which maps the generalized
velocity to the generalized vorticity: ~Ω = Ŵ ~V .
In Fig. 2, the relationship between the generalized
velocities, vorticities, and the reference and perturbed
paths are presented. Importantly, that the operator Ŵ
generates a field that satisfies the relabeling symmetry
from the tangent vector of the reference path if the refer-
ence path locally satisfies the Euler-Lagrange equation.
Thus, we call the operator the helicity-based particle-
relabeling operator.
It is straightforward to check that the relabeling oper-
ator, Ŵ , is self-adjoint,
〈
~V 1
∣∣Ŵ ~V 2〉 = 〈Ŵ ~V 1∣∣~V 2〉, for
the HD, MHD, and HMHD systems.
IV. EIGENFUNCTION OF THE HELICITY-BASED
PARTICLE-RELABELING OPERATOR AND
DECOMPOSITION OF THE STRUCTURE CONSTANT
In this section, we show that the eigenequation of the
helicity-based particle-relabeling operator leads to a com-
mon decomposition formula,〈
~V 1
∣∣[~V 2, ~V 3]〉 = Λ((~V 1||~V 2||~V 3)), (50)
if ~V 1 is an eigenfunction of Ŵ , where Λ and the symbol
((~V 1||~V 2||~V 3)) are the eigenvalue of the operator and the
totally antisymmetric triple product of three ~V -variables,
respectively.
Therefore, it is expected that the expressions of the
Riemannian metric and the structure constants are
greatly simplified if the variables are expanded by the
eigenfunctions of Ŵ .
A. Derivation of totally antisymmetric triple products
Integrating the combination of the Riemannian metrics
and the Lie brackets by parts, we obtain the following
expressions for each system:
HD:
〈
V 1
∣∣[V 2,V 3]〉 = ∫ Ω1 · (V 2 × V 3)d3~x; (51)
MHD:
〈
~V 1
∣∣[~V 2, ~V 3]〉 = ∫ d3~x[Ω1 · (V 2 × V 3) +B1
·(V 2 × J3 + J2 × V 3)]; (52)
HMHD:
〈
~V 1
∣∣[~V 2, ~V 3]〉 = 1
α
∫ {
(αΩ1 +B1) · (V 2
×V 3)−B1 ·
[
(V 2 − αJ2)× (V 3 − αJ3)
]}
d3~x. (53)
The helicity-based particle-relabeling operators and the
corresponding equations for the generalized velocities and
vorticities are given by
Ŵ = ∇×, (54)
Ω = ΛV (55)
for the HD system,
Ŵ =
(
O −CC(α∇×)−1
−CCα∇× CM (α∇×)−1
)
, (56)
Ω = − C˜MΛ
CCα
V +
Λ
CC
J , B =
Λ
CC
V (57)
for the MHD system, and
Ŵ =
(
CCα∇× −CC(α∇×)−1
−CCα∇× CM (α∇×)−1
)
, (58)
αΩ+B =
Λ
CC
V , B =
Λ
CC(1− C˜M )
(V − αJ) (59)
for the HMHD system, where C˜M := CM/CC .
7Two remarks should be made. First, the solution of
the eigenequation, Eq. (59), which agrees with Eq. (10)
of Ref. 26, is given by the double Beltrami flow (DBF).
The DBF was introduced to describe force-free solutions
of the HMHD system. In our formulation, the force-free
condition is easily verified, i.e., when an eigenfunction of
Ŵ is substituted into the quadratic term of the vorticity
equation, it becomes zero:[
~Ω, ~V
]
=
[
Ŵ ~V , ~V
]
= Λ
[
~V , ~V
]
= ~0.
Second, the DBF has corresponding plasma states in
the MHD system. That is, if C˜M ≈ O(α), for sufficiently
small α, Eq. (59) reads as
αΩ = − Λ
CC(1− C˜M )
(V − αJ) + Λ
CC
V
≈ − C˜MΛ
CC
V +
αΛ
CC
J + o(α),
B =
Λ
CC(1 − C˜M )
(V − αJ) ≈ Λ
CC
V +O(α),
i.e., the HMHD eigenmodes asymptote to those of the
MHD system (Eq. (57)) in this limit, even though the
corresponding helicity-based particle-relabeling operator
Ŵ does not.
Substituting these relations into Eqs. (51), (52), and
(53), we verify that the decomposition formula, Eq. (50),
holds for each system, where
Λ((~V 1||~V 2||~V 3)) = Λ
∫
V 1 · (V 2 × V 3)d3~x (60)
for the HD system,
Λ((~V 1||~V 2||~V 3)) = Λ
CC
∫ {
− C˜M
α
V 1 · (V 2 × V 3)
+
[
J1 · (V 2 × V 3) + V 1 · (J2 × V 3)
+V 1 · (V 2 × J3)
]}
d3~x (61)
for the MHD system, and
Λ((~V 1||~V 2||~V 3)) = Λ
CCα
∫ {
V 1 · (V 2 × V 3)− 1
1− C˜M
×(V 1 − αJ1) ·
[
(V 2 − αJ2)
×(V 3 − αJ3)
]}
d3~x (62)
for the HMHD system. Note that, if C˜M ≈ O(α), the
asymptotic relation
((~V 1||~V 2||~V 3))HMHD ≈ ((~V 1||~V 2||~V 3))MHD (63)
holds in the limit of α→ 0.
B. Normal-mode representation of the Riemannian metric
and triple product of the generalized velocities
Let φ = φ(~x;~k, σ) be a Beltrami flow (BF), i.e., an
eigenfunction of the curl operator:
∇× φ(~x;~k, σ) = σλφ(~x;~k, σ), (64)
where the symbols ~k, σ = ±1, and λ stand for the
mode-identifier (e.g., the wavenumber vector for peri-
odic boundary conditions or Euclidean space) and the
sign and modulus of the eigenvalue corresponding to the
mode ~k, respectively. Complex helical waves on a pe-
riodic box27 and Chandrasekhar-Kendall functions in a
cylindrical configuration28 are well-known examples of
this. Note that, because BF φ is solenoidal, it satisfies
the identity ∇×∇×φ = −△φ and, therefore, the mod-
ulus of the eigenvalue of the Laplacian, which is known
to have negative eigenvalues, is expressed as −λ2. This
implies that λ is always a real number.
Because the helicity-based particle-relabeling opera-
tors Ŵ contain the curl operator and its inverse, the
eigenfunctions of Ŵ s are described in terms of BF. Sub-
stituting Eq. (64) into the expressions of the operators,
Eqs. (54), (56), and (58), they are reduced to the number
matrices
Ŵ = σλ (65)
for the HD system,
Ŵ =
(
O −CC/ασλ
−CCασλ CM/ασλ
)
(66)
for the MHD system, and
Ŵ =
(
CCασλ −CC/ασλ
−CCασλ CM/ασλ
)
(67)
for the HMHD system. Their corresponding eigenvalues
are all real valued and given by
Λ = σλ, (68)
for the HD system,
Λ = σsCC
[√
1 +
( C˜M
2αλ
)2
+
sC˜M
2αλ
]
, (69)
for the MHD system, hereafter s = ±1,
Λ = σsCC
[√
1 +
(αλ
2
− C˜M
2αλ
)2
+ s
(αλ
2
+
C˜M
2αλ
)]
,
(70)
for the HMHD system, respectively. If C˜M ≈ O(α), an
asymptotic relation
ΛHMHD ≈ ΛMHD (71)
8holds in the limit of α → 0. We use the following eigen-
functions as the normal-modes:
~Φa = φ(~x;~ka, σa) (72)
for the HD system and
~Φa = ~Φ(~x;~ka, σa, sa)
:=
(
(Λ(a)− CM/K(a))φ(~x;~ka, σa)
−CCK(a)φ(~x;~ka, σa)
)
(73)
for the MHD and HMHD systems, where
Λ(a) := Λ(~ka, σa, sa), K(a) := ασaλa
are the eigenvalues of the operators Ŵ and α∇×, re-
spectively, for the mode “a”. Hereafter, subscripts or
superscripts of functions and coefficients abbreviate the
mode indices.
The normal-mode-expansion of the generalized veloc-
ity is given by
~V (~x, t) = V α(t) ~Φα(~x). (74)
Hereafter, Einstein’s summation convention is used for
repeated Greek-letter subscript-superscript index pairs.
The values of each component of the Riemannian metric
tensor and the structure constant of the Lie group are
defined by
gab =
〈
~Φa
∣∣~Φb〉, (75)[
~Φb, ~Φc
]
= Cαbc
~Φα, (76)
where a, b, and c stand for the mode indices of the eigen-
functions. Substituting Eqs. (75) and (76) into Eq. (50),
we obtain the following remarkable formula relating the
Riemannian metric, the Lie bracket, and the eigenvalue
of the relabeling operator:
gaβC
β
bc = Λ(a)Tabc, (77)
where the three-index symbol Tabc is the triple product
of the eigenfunctions derived in the previous subsection:
Tabc :=
((
~Φa
∣∣∣∣~Φb∣∣∣∣~Φc)). (78)
Because the eigenfuctions of the curl operator are orthog-
onal to each other, the Riemannian metric and the triple
product are given by
gHDab :=
∫
φ(~ka, σa) · φ(~kb, σb) d3~x = δab, (79)
THDabc =
∫
φ(~ka, σa) ·
(
φ(~kb, σb)× φ(~kc, σc)
)
d3~x (80)
for the HD system,
gMHDab =
[(
Λ(a)− CM
K(a)
)2
+ C2C
]
δab, (81)
TMHDabc = C
−2
C α
−1THDabc Λ(a)Λ(b)Λ(c)
(
CM
−Λ(a)K(a)− Λ(b)K(b)− Λ(c)K(c)), (82)
for the MHD system, and
gHMHDab =
[(
Λ(a)− CM
K(a)
)2
+ C2C
]
δab, (83)
THMHDabc =
THDabc
αCC
[(
Λ(a)− CM
K(a)
)(
Λ(b)− CM
K(b)
)
×
(
Λ(c)− CM
K(c)
)
+
Λ(a)Λ(b)Λ(c)
1− C˜M
]
, (84)
for the HMHD system, respectively. Hereafter, the sym-
bol Λ in Eqs. (82) and (84) denotes
Λ(a) := Λ(~ka, σa,−sa),
which is one of the two eigenvalues of the operator Ŵ for
assigned ~ka and σa other than Λ(a) = Λ(~ka, σa, sa).
C. Normal-mode expansion coefficient representation of
the evolution equations
The coefficient of the generalized momentum is defined
by the functional derivative of the Lagrangian with re-
spect to the mode ~Φa:
Ma(t) :=
1
2
d
dǫ
〈
~V (t) + ǫ~Φa
∣∣~V (t) + ǫ~Φa〉∣∣∣∣
ǫ=0
=
〈
~Φa
∣∣~V (t)〉 = 〈~Φa∣∣V β(t)~Φβ〉 = gaβV β(t). (85)
This equation also implies that the expansion coefficient
V a(t) is obtained from V a(t) = gaβ
〈
~Φβ
∣∣~V (t)〉, where gab
is the inverse of gbc: g
aβgβc := δ
a
c .
Using the inertia operator M̂ , we introduce the base
functions of the generalized momentum space, ~Φa, each
of which are defined by
~Φa = gaβM̂ ~Φβ . (86)
This definition comes from the following mode expansion
of the generalized momentum:
~M(t) = M̂ ~V (t) = M̂(V β(t)~Φβ) = V
βgβα~Φ
α = Mα(t)~Φ
α.
Each of the base functions, ~Φa, is given by
~Φa = φ(~x;~ka, σa) (87)
for the HD system and
~Φa =
1
g(a)
t
(
(Λ(a)− CM/K(a))φ(~x;~ka, σa)
−CC/K(a)φ(~x;~ka, σa)
)
(88)
for the MHD and HMHD systems, where g(a) is the di-
agonal element of M̂ , i.e., gab = g(a)δab.
Using the bases {~Φa} and {~Φa}, the eigenvalue prob-
lem for Ŵ can be rewritten as follows:
Ŵ ~Φa = D̂M̂ ~Φa = gaβD
βγ ~Φγ = Λ(a)~Φa,
9and therefore the matrix elements of the operators D̂ and
Ŵ are obtained as follows:
Dab = Λ(a)gab = (Λ(a)/g(a))δab, (89)
W ab = Λ(a)δ
a
b . (90)
Equations (77) and (89) yield a decomposition formula
for the structure constant of the Lie group such that
Cabc = Λ(a)g
aβTβbc = D
aβTβbc. (91)
Taking the inner product of the Euler-Lagrange equa-
tion, Eq. (24), with the mode ~Φi and using Eq. (23), we
obtain 〈
~Φi
∣∣ ~˙V (t)〉− 〈~V (t)∣∣[~Φi, ~V (t)]〉 = 0, (92)
which yields the following evolution equation for the
normal-mode expansion coefficients:
giαV˙
α(t)− gβγ Cγiλ V β(t)V λ(t) = 0. (93)
Using Eq. (77), this equation is rewritten as
giαV˙
α(t) = Λ(β)Tβiλ V
β(t)V λ(t). (94)
Because gab and Tabc are symmetric and totally antisym-
metric, respectively, this equation results in the following
equations:
d
dt
(gιαV
ι(t)V α(t)) =
d
dt
(gιαΛ(ι)V
ι(t)V α(t)) = 0,
which are the energy and helicity conservation laws, re-
spectively.
In terms of the generalized momentum, Eq. (93) yields
the Euler-Poincare equation:21
M˙i(t)− CγiλMγ(t)V λ(t) = 0. (95)
OperatingDji on both sides of this equation, introducing
the notation Ωj(t) := DjιMι(t), and using the decompo-
sition relation, Eq. (91), we obtain the expansion coeffi-
cient expression of the generalized vorticity equations (or
the particle-relabeling relation):
Ω˙j(t) + Cjαλ Ω
α(t)V λ(t) = 0. (96)
V. INCLUSION OF THE UNIFORM EXTERNAL FIELD
EFFECT
Our formulation of the triplet of generalized velocities,
momenta, and vorticity, in which the evolution equation
is also given by the vorticity equation
∂t~Ω+
[
~Ω, ~V
]
= ~0, (97)
has an interesting natural extension to non-solenoidal
function space.
In the field of plasma physics, stationary uniform ex-
ternal magnetic fields (B0) and the Coriolis force effect
(2Ω0) have attracted the attention of researchers. For
example, Mahajan et al. investigated the combination of
the Coriolis force and the Hall-term effect on the dynamo
process under the existence of a uniform magnetic field.29
It is interesting that these uniform fields physically
agree with the variables of generalized vorticities. There-
fore, introducing stationary uniform generalized vortici-
ties given by
~Ω0 =
(
CCB0
−2CCαΩ0 − CMB0
)
for the MHD system and
~Ω0 =
(
CC(2αΩ0 +B0)
−2CCαΩ0 − CMB0
)
for the HMHD system and substituting ~Ω0+ ǫ~Ω into Eq.
(97), we obtain the evolution equation of MHD/HMHD
plasmas
ǫ∂t~Ω+ ǫ
[
~Ω0, ~V
]
+ ǫ2
[
~Ω, ~V
]
= ~0, (98)
where ǫ~Ω = ǫŴ ~V . Mathematically, the uniform general-
ized vorticities belong to the function space of harmonic
functions, whose divergence and curl vanish.
A. HMHD: double Beltrami wave modes29
At order O(ǫ), Eq. (98) reduces to ∂t~Ω = −[~Ω0, ~V ].
For the HMHD system, we obtain the following linear
wave equations:
∂t(CCαΩ+ CCB) = (2CCαΩ0 + CCB0) · ∇V ,
∂t(−CCαΩ− CMB) = (−2CCαΩ0 − CMB0) · ∇V (99)
+(CC − CM )B0 · ∇(−αJ).
Here, we seek the solution in the Euclidean space E3 or
under the periodic boundary conditions T3, i.e., linear
waves that have a functional form given by(
V (~k, σ, ω; ~x, t)
−αJ(~k, σ, ω; ~x, t)
)
=
(
Vˆ
−αJˆ
)
φ(~x;~k, σ)e−2πiωt.
The function φ designates the complex helical waves de-
fined by13,27
φ(~x;~k, σ) := 2−1/2(eθ(~k) + iσeφ(~k))e
2πi~k·~x,
where the symbols ~k = (kx, ky, kz), eθ, and eφ are the
wavenumber vector and the unit vectors of the θ- and
φ-directions in wavenumber space, respectively.
Assuming that the uniform fields are directed in the
z-direction (B0 = B0zˆ, Ω0 = Ω0zˆ), CC 6= 0, and CC 6=
CM , the linear wave equation, Eq. (99), is simplified as
follows:
(
ωWHMHD0 + kzB0(2αΩ0 +B0)I
)( Vˆ
−αJˆ
)
=
(
0
0
)
,
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where
WHMHD0 =
(
2πB0ασ|~k| −B0/2πασ|~k|
−2πB0ασ|~k| −αΩ0/πασ|~k|
)
, (100)
irrespective of the values of CC and CM . It is interest-
ing that the obtained matrix is also the helicity-based
particle-relabeling operator with coefficients CC = B0
and CM = −2αΩ0. Therefore, the eigenfunctions of the
relabeling operator, Eq. (73), give the functional form of
the linear waves.
Setting the vector t(Vˆ ,−αJˆ) to be the eigenvector of
WHMHD0 and noticing that det(W
HMHD
0 ) = −B0(2αΩ0+
B0) = ΛΛ, we can reduce this equation to
(ωΛ− kzΛΛ)
(
Vˆ
−αJˆ
)
=
(
0
0
)
, (101)
which leads to an interesting consequence:
ω(~k, σ, s) = kzΛ(~k, σ, s).
Therefore, the functional form of the linear wave for
(~k, σ, s) is given by(
V (~k, σ, s; ~x, t)
−αJ(~k, σ, s; ~x, t)
)
∝
(
Λ(~k, σ, s) + Ω0/πσ|~k|
−2παB0σ|~k|
)
×φ(~x;~k, σ)e−2πikzΛ(~k,σ,s)t,(102)
where the explicit expression of the wave frequency is
ω(~k, σ, s) = kzΛ(~k, σ, s) = kzΛ(~k, σ,−s)
= −σsB0kz
[√
1 +
(
πα|~k|+ Ω0
2πB0|~k|
)2
−s
(
πα|~k| − Ω0
2πB0|~k|
)]
. (103)
Note that the waves obtained are DBFs.
The expression of the phase velocity implies that the
linear waves are divided into two classes according to the
sign of s. If the Coriolis force is absent, the eigenfre-
quency is reduced to ω = −σsB0kz
(√
1 + (πα|~k|/2)2 −
sπα|~k|/2
)
and the linear modes given by Eq. (102)
converge to the generalized Elsa¨sser variables.30 When
s = +1, the phase velocities of the waves are relatively
slow and correspond to ion cyclotron waves. Conversely,
when s = −1, the corresponding waves belong to the fast
phase velocity branch and are called whistler waves.
B. MHD
For the MHD system, the leading order linear equa-
tions are
CC∂tB = CCB0 · ∇V ,
∂t(−CCαΩ− CMB) = (−2CCαΩ0 − CMB0) · ∇V(104)
+CCB0 · ∇(−αJ).
If CC 6= 0, B0 = B0zˆ, and Ω0 = Ω0zˆ, this equation is
simplified as follows:
(
ωWMHD0 + kzB
2
0I
)( Vˆ
−αJˆ
)
=
(
0
0
)
,
where
WMHD0 =
(
0 −B0/2πασ|~k|
−2πB0ασ|~k| −αΩ0/πασ|~k|
)
, (105)
irrespective of the values of CC and CM . The relation
det(WMHD0 ) = −B20 = ΛΛ leads to the equation
(ωΛ− kzΛΛ)
(
Vˆ
−αJˆ
)
=
(
0
0
)
, (106)
if the vector is chosen to be the eigenvector of WMHD0 .
Accordingly, the appearance of the linear wave formally
agrees with that in the HMHD system:(
V (~k, σ, s; ~x, t)
−αJ(~k, σ, s; ~x, t)
)
∝
(
Λ(~k, σ, s) + Ω0/πσ|~k|
−2παB0σ|~k|
)
×φ(~x;~k, σ)e−2πikzΛ(~k,σ,s)t,(107)
where the explicit expression of the phase velocity is
ω(~k, σ, s) = kzΛ(~k, σ, s) = kzΛ(~k, σ,−s)
= −σsB0kz
[√
1 +
( Ω0
2πB0|~k|
)2
− sΩ0
2πB0|~k|
]
. (108)
Therefore, the linear waves in the MHD system are also
obtained as the α → 0 limit of those in the HMHD sys-
tem. If the Coriolis force is absent, the two branches of
the phase velocities degenerate to ω = −σsB0kz, which
corresponds to Alfve´n waves.
C. Inclusion of the linear wave propagation in the
evolution equation
For the HMHD case, the functional form of the linear
waves under the existence of uniform fields B0 = B0zˆ
and Ω0 = Ω0zˆ is given by the DBF; whereas, for the
MHD case, the functional form is given by their α → 0
limit. Substituting the generalized velocity expanded by
the eigenfunctions of WHMHD0 or W
MHD
0 for B0 6= 0,(
V (~x, t)
−αJ(~x, t)
)
=
∑
~k,σ,s
V (t;~k, σ, s) ~Φ0(~x;~k, σ, s),
where
~Φ0(~x;~k, σ, s) =
 Λ(~k, σ, s) + Ω0πσ|~k|
−2παB0σ|~k|
φ(~x;~k, σ),
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into Eq. (98), using the following eigenvalue problem
relations,
~Ω(~x, t) =
∑
~k,σ,s
Λ(~k, σ, s)V (t;~k, σ, s) ~Φ0(~x;~k, σ, s),
[
~Ω0, ~V
]
= −2πi
∑
~k,σ,s
kzΛ(t;~k, σ, s) Λ(t;~k, σ, s)
×V (t;~k, σ, s) ~Φ0(~x;~k, σ, s),
and taking the inner product with ~Φ0(~k, σk, sk), we ob-
tain the normal-mode expansion of Eq. (98) as follows:
〈
~Φ0(~k, σk, sk)
∣∣~Φ0(−~k, σk, sk)〉Λ(−~k, σk, sk)(∂t − 2πikz Λ(−~k, σk,−sk))V (t;−~k, σk, sk)
+Λ(~k, σk, sk)
~k+~p+~q=~0∑
~p,σp,sp
∑
~q,σq,sq
((
~Φ0(~k, σk, sk)
∣∣∣∣~Φ0(~p, σp, sp)∣∣∣∣~Φ0(~q, σq, sq)))Λ(~p, σp, sp)V (t; ~p, σp, sp)V (t; ~q, σq, sq) = 0.(109)
This equation can be reduced to
∂tU(t;~k, σk, sk) +
~k+~p+~q=~0∑
~p,σp,sp
∑
~q,σq,sq
e−2πiΨt
×
((
~Φ0(~k, σk, sk)
∣∣∣∣~Φ0(~p, σp, sp)∣∣∣∣~Φ0(~q, σq, sq)))〈
~Φ0(~k, σk, sk)
∣∣~Φ0(−~k, σk, sk)〉
×Λ(~p, σp, sp)U(t; ~p, σp, sp)U(t; ~q, σq, sq) = 0, (110)
where the overbar indicates the complex conjugate, the
variable U and the phase factor Ψ are defined by
U(t;~k, σk, sk) := V (t;~k, σk, sk)e
2πi kzΛ(~k,σk,sk)t,
Ψ := kz Λ(~k, σk, sk) + pz Λ(~p, σp, sp) + qz Λ(~q, σq, sq),
respectively, and the following relations are used:
V (t;−~k, σ, s) = V (t;~k, σ, s), Λ(−~k, σ, s) = Λ(~k, σ, s).
The resonant conditions are
~k + ~p+ ~q = ~0, (111)
kz Λ(~k, σk, sk) + pz Λ(~p, σp, sp) + qz Λ(~q, σq, sq) = 0.
(112)
Therefore, the effect of the external uniform fields, B0
and Ω0, is reduced to the general formula, Eq. (94),
with the additive resonant phase condition, Eq. (112).
VI. DISCUSSION
A. Extension of relabeling symmetry and its physical
implications
In the present study, using the ideal incompressible
HD, MHD, and HMHD systems as models, we demon-
strated that the particle relabeling operation in HD is
extendable to MHD and HMHD.
Considering the Lin constraints v = ξ˙ + [ξ, V ] on the
semidirect product group, we extended the “relabeling
symmetry” beyond a mere change in the Lagrangian la-
bels of the fluid parcels.
This relation mathematically implies that, for the dy-
namical systems in some non-Abelian Lie groups, the
time derivative of a perturbation, ξ˙, and the velocity
perturbation, v, differ by the commutator between the
perturbation and the reference velocity, [ξ, V ]. There-
fore, perturbations ξ(t) that do not alter the reference
solution V (t) are possible. One of the physical implica-
tions is that, even though the Lagrangian specification
is redundant, this is a gateway to the general dynamical
structure of such a system.
A very interesting finding of this study is that the HD,
MHD, and HMHD systems were shown, in a somewhat
heuristic way, to have such an integro-differential oper-
ator Ŵ that the field Ω := ŴV satisfies the particle-
relabeling symmetry, i.e., Ω˙ + [Ω, V ] = 0 if V is a so-
lution of the Euler-Lagrange equation, Eq. (24). This
leads to the well-known conservation laws of helicities,
including the magnetic and cross helicities for MHD and
the magnetic and hybrid helicities for HMHD; our ap-
proach reveals that these helicities are understandable as
a consequence of a general mathematical structure.
Their common mathematical structure is revealed via
a normal-mode expansion of the physical quantities and
equations. Because the eigenfunctions of the relabel-
ing operators Ŵ constitute the orthogonal bases of the
HD, MHD, and HMHD systems, they function as normal
modes of these dynamical systems. Normal-mode ex-
pansions of the quantities of the HD, MHD, and HMHD
systems reveal that the products of the Riemannian met-
rics and the Lie brackets, which are the foundations that
define these dynamical systems, have a common decom-
position formula
gaβC
β
cd = Λ(a)Tacd,
where Λ(a) is the eigenvalue of Ŵ . This structure con-
nects the evolution equations of the generalized velocities
(or the Euler-Poincare´ equations) to those of the general-
ized vorticities; in addition, this simplifies the expressions
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of the energy and helicity:
E =
1
2
gαβV
αV β , H = gαβΛ(α)V
αV β ,
where V αs are the expansion coefficients of the general-
ized velocity.
This also enables us to discuss the so-called triad-
interaction in a unified, general expression as follows:
gkkV˙
k = (Λ(q)− Λ(p))TkpqV pV q,
gppV˙
p = (Λ(k)− Λ(q))TkpqV qV k, (113)
gqqV˙
q = (Λ(p)− Λ(k))TkpqV kV p,
where k, p, and q are the mode identifiers (e.g., the set of
wavenumber, helicity, and wave mode, respectively) that
satisfy the resonant conditions. These triad-truncated
model equations are reduced to
∂t∗U
k = (Λ(q)− Λ(p))UpU q,
∂t∗U
p = (Λ(k)− Λ(q))U qUk, (114)
∂t∗U
q = (Λ(p)− Λ(k))UkUp,
if the variables V and t are changed to
Uk :=
√
gkk V
keiψ(k,{k,p,q}), t∗ :=
√
gkk
√
gpp
√
gqq
|Tkpq| t,
where ψ(k, {k, p, q}) is an appropriate phase factor that
depends on the shape and configuration of the triad
{k, p, q}. Therefore, the totally antisymmetric tensor
Tkpq physically defines the basic characteristic time scale
for the quadratic mode interaction of the triad {k, p, q}.
B. Relabeling operators, equilibrium MHD/HMHD
plasma configurations, and corresponding helicities
Double Beltrami flows (DBFs) were well-known to
have been derived as an equilibrium solution to the
HMHD equation having a non-zero flow as well as a mag-
netic field.26 In our previous study, the DBF was given as
an eigenfunction of the helicity-based particle-relabeling
operator of the HMHD system,14 while in the present
study, the DBF was shown to have an MHD counterpart
in the α → 0 limit (even though the operator itself did
not).
The helicity-based particle-relabeling operators for
MHD and HMHD plasmas and their associated gener-
alized vorticities have two arbitrary constants, CC and
CM (see Eqs. (39), (47), (56), and (58)). What is the
meaning of these constants?
One of the fundamental properties of the generalized
vorticity is that it is an action-preserving perturbation in
the configuration space. Action-preserving group opera-
tions are given by
(g, h) =
(
eτCCB,−ατ(−CCαΩ− CMB)
)
for the MHD system and
(g, h) =
(
eτCC(αΩ+B), eτ(−CCαΩ−CMB)
)
for the HMHD system, where τ is a small perturbation
parameter (cf. Eqs. (3) and (4)). These expressions
indicate that the constant CC is related to the action
of the whole semidirect product group G ⋉ H , i.e., it
corresponds to the perturbation of both the velocity and
the current field, while the constant CM appears only in
the second component (H of G⋉H), i.e., it affects only
the current field. Therefore, the two arbitrary constants
CC and CM correspond to two independent group actions
(eǫξ, e−ǫαη) and (id, e−ǫαη).
This is a generalization of our previous result for the
HMHD system that each of the two independent rela-
beling operations yields a corresponding helicity, i.e., the
relabeling of the ion fluid yields the hybrid helicity con-
servation, while the relabeling of the electron fluid yields
magnetic helicity conservation.14
C. The weak interaction conjecture of MHD turbulence
To conclude this study, two remarks need to be made:
one involves the application of Eq. (114) to the MHD
system and the other is the possibility of extending our
result to other systems.
When the Coriolis force is absent (Ω0 = 0) and the
Alfve´n waves, which correspond to CC = B0 (or CC = 1
for B0 = 0) and CM = 0 for Eqs. (73) or (107), are
chosen as the expansion functions, their corresponding
eigenvalues become Λ = ±1 irrespective of the wavenum-
ber. This results in only two cases, all three eigenvalues
coincide (Λ(k) = Λ(p) = Λ(q) = ±1):
U˙k = U˙p = U˙ q = 0,
or two of the three eigenvalues are the same (−Λ(k) =
Λ(p) = Λ(q) = ±1):
U˙k = 0,
U˙p = ±(2Uk)U q,
U˙ q = ∓(2Uk)Up,
which generates only periodic motions with constant an-
gular frequency ±2Uk. This suggests that the mode in-
teraction of the MHD system is somewhat “weaker” than
that of the HD and HMHD systems, in which the three
eigenvalues take different values in general. In other
words, the famous investigation by Waleffe27 concern-
ing energy tranfer in a fully developed turbulence via the
nonlinear term does not seem to be the case for the MHD
system. Energy is transferred between only two of three
modes at the level of the triad-truncated model.
D. A note on the possibility of an extension to other
systems
Are there other examples of this type of dynamical sys-
tem? Here, we pick two well-known cases: the freely ro-
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tating top described by the Euler equation and the KdV
equation formulated based on Bott-Virasoro algebra.
The Euler equation for a freely rotating top is known
as a dynamical system of SO(3), whose Lie bracket and
the inner product are given by[
u, v
]i
= δiαǫαβγu
βvγ , (115)〈
v
∣∣w〉 = I(α)δαβvαwβ , (116)
where u, v, and w are the angular velocities about the
principal axis and δ, ǫ, and I are Kronecker’s delta, the
Levi-Civita symbol, and the principal moment of inertia,
respectively. Their combination becomes〈
[u, v]
∣∣w〉 = I(α)ǫαβγuβvγwα,
which is analogous to Eq. (77). Therefore, this system is
an example of a system that has a mathematical struc-
ture close to that of the HD, MHD, and HMHD systems.
Conversely, the KdV equation is known to be a dy-
namical system in the Virasoro-Bott group, whose Lie
bracket and inner product are given by31
[
(f, a), (g, b)
]
=
(
fg′ − f ′g,
∫
S1
f ′(x)dg′(x)
)
,
〈
(f, a)
∣∣(g, b)〉 = ∫
S1
f(x)g(x)dx + ab.
Their combination becomes〈
[(f, a), (g, b)]
∣∣(h, c)〉 = ∫
S1
g (2fh′ + f ′h+ cf ′′′) dx
and, seemingly, cannot be rewritten as a cyclic permu-
tation of the three modes (f, a), (g, b), and (h, c). This
illustrates that the Lie bracket and the quadratic inner
product appear necessary but are not sufficient for the
structure given by Eq. (77).
Therefore, it is possible that the remarkable relation-
ship between the Riemannian metric, the structure con-
stant of Lie algebra, and the eigenvalue of the relabeling
operator, Eq. (77), defines a universal sub-class of dy-
namical systems in Lie groups with quadratic nonlinear-
ity.
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